
Math 565: Functional Analysis
Lecture 18

Weak topology on a normed rector space.

let X be a mormed rector space , so X
*
is also a wormed verfor space. The weak topology on X

is the one generated by the functions xHf(x) : X-> K
,
for feX* In other

words
,
the weak top on X is generated by the selef" (v) where tex* and

VE Dopen , 10 the sets (f,tV
,
felt V
, ...,
fut> V] : = Af:"Nil from a basic

i= 1

for the weak top , on X. Furthermore , a net (xilies converges weakly ,
denoted xitux

,

if fixil -f(x) for all fex*
.

Recall Ut by Hahn-Banach ,

X = X & X** via x# * is an isometry.

Obs, (a) The weak top on X is the same (homomorphic as the weakt top on Y = X**
16) Weak top & norm top on X become the functionals fex

*
are by def cost not norm.

3) Weak top is Hauschorff becase weakt on Y is loo more directly , we showed

via Hahn-Banach Last functionals in X* separate points) .
(d) On X&, weak* weak bear *= X**.

Prop . For a finite-dimensional merred rector space
X
,

weak top = norm top
on X

,
and weake = meak = worm on

X*

Proof
.

HW

Prop . Every nonempty weakly open set contains a cost of a subspace of finite codimension.
Proof . Suffices to

prove tim for a basic open set [f, t V , f
> V, . .

.,
fut Un] .

Note that [f,> V
,
f> V, . .

.,
futUn] = T" /VXVX

...
XV)

,

where

T : X -> K"by x +t (f , ()
,
f(x)

, ...,
fu(x))

.



But KerT has colim In since TIX) = &"
,

and T" / , X VX
... xV) is

a Itypically nudbl) union of coste of kert .

Cor
.

For an infinite-dim wormed v. s . X
, every weakly open not is norm-unbod.

In particular, weak worm top
.

Proof. By the previous proposition, every weakly open set contains acosed of
a finite codim subspace of X

,
which is heare -dim Lin particular, notrivials,

Hus unbild
.
While worm top has bold open rate , e

. g . open worm-balls,

Prop . Let X be a wormed v. S.

(a) Every worm-closed subspace i = X is also weakly closed.
(6) Every worm-closed ball BEX is also weakly closed

.

Proof. (a) We dow Not XLY is weekly open .

Fix xEXLY and by Hahn-
Banach get FGK* it . Fly = 0 , Ifll = 1

,
and f(x) = 1x +Yl =: r.

Then the weakly basic Open of (FHBEF1)] is disjoint from " and
contains X .

(6) Similar
,
left as HW.

Weakt vs weak top on X&

When a wormed v.s . X is A-dim
,
so is X

*

by Hahn-Banach (since otherwise,
X
** would be fir

.
dim .

and XCX&* )
,
hence weaktweak norm

on X*. Also note that when X is eflexive
,
then weakt = weak top . on X*

because Y = X** We will see that the converse is true as well for all Barad

spaces.
For this we needhe following theorem.

Theorem For any
wormed v . s

.

X
,

the subspace Y : X** is weak t dense in X**



In fact
,
the worm-closed unit ball of X is weak dease in the morm-closed

unit ball of X&8.

Proof
.

HW
.

for
. A wormed v. S . X in reflexive> the closed unit ball in X is weakly compact.

Proof
.

E
. If X = X**, then the closed unit ball in X equipped with the weak top

is honeomorphic to me closed unit ball in X** equipped with the reakd top,
and the latter is compact by Banach-Nlaogle.
E .
If Bi is weakly compact , then B is weakt compact , hence weekt closed wire

weakt top on X** is Hausdorff. But by the previous Mm , the weeks closure
1

of By contains BY*8
,
20 B** = BY

,
and X** = X by scaling , so X in reflexive

Cor
. (a) Closed subspaces of reflexive wormed rector spaces are reflexive

(6) A Banach space X is reflexive> X& is reflexive

Proof
.
(a) Let YeX be a closed subspace and X reflexive

.

Then Y is weakly closed

b above and By is weakly compact . Thus , B = BY 1Y is still compact,
Leave Y is reflexive by the above characterization.

(6) =3
.

If X is reflexive 10 X = X**, then y*** = (= ***).
c

. Suppose Wat XO is reflexive
. By (bl=>, X

** in reflexive and X =** X&*

is a norm-closed subspace of XPE by completeness , so by (a) , YEX is also

reflexive.

Theorem
. For a Banach space X

,
TFAE :

(1) X in reflexive

(2) The closel unit ball in X is weakly compact
.

(3) Wankt = weak top on X 5.

(4) X
&

is reflexive
.



Proof
.
We only need to prove :

11) => (3) . Mentioned above
,
follows from X = X&*.

13) = (4)
. By Banach-Aloglu ,

B ** in weekt compact , hence weakly compact by (3),

s by the characterization of reflexivity above applied to X&, XB is reflexive

Strong and weak topologies on B(X , i).

For wormed rector spaces
X
,
Y
,
recall But BCX

,
Y) is a wormed rector space.

We consider weaker top. on B(X
, 4) :

the strong top , On BIX,) is the one generated by the functionsT **:

B(X
,Y)+ Y, where xeX and Y is equipped with norm top , i . e . a not Itiliet

converses strongly to t, written TisTL Tix-Tx in norm for all xeX.

the weak top on BIX
,
M is the one generated by the functions TH TX :

BIX
,
Y+ Y

,
where xeX and Y is equipped will weak topology ,

i

. e.

a not (ii) < BIX, Y) conveyer weakly to T, written Tie T (e)

g(Tix) +g(ix) fr all xeX and EYE
.g

Thus both are pointwise convergence topologies on BIX
,

4)
,
where in the first case i is

equipped will the norm dop , while in the second case
,
Y is equipped with the weak top.


